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Given two graphs G=(X,E), H=(Y ,F ) ;  If AcX and if f is a function from A to Y, we 
pose the problem of deciding if f can be extended into a homomorphism from G to H. We 
know how to solve this problem when H is, for instance, a tree, or a chordal graph. We give 
here a solution to this problem when g is a planar graph and H is a cycle of G; The solution 
involves homotopy techniques. 
I. Notations and definitions 
A homomorphism from a graph G = (X, E) to a graph H = (Y, F) is a function f
from X to Y such that 
V[x, y ]~E ::~ [f(x),f(y)]~.F or f(x)=f(y). 
If A c X and if f is a homomorphism from G to the induced subgraph GA, f is a 
retraction if we have 
Vx ~ A, f(x) = x. 
N.B.: The fact that we allow f(x)= f(y) in the definition of a homomorphism 
makes here the concept of retraction slightly different from the concept which 
appears in Hell [2, 3] or in Sabidussi [12]. 
We pose the following problem: 
G = (X, E) and H = (Y, F) being two graphs, we consider A c X 
and a function f from A to Y. We want to know if it is possible (*) 
to extend f into a homomorphism from G to H. 
If G = (X, E) is a connected graph, we denote by d~ the distance induced by G 
on X, and we call BG (x, p) the ball with center x e X and radius p e ~1: 
B~(x,p)={y~X[do(x,  y) ~<p}. 
If E is a family of subsets of a set X, we say that E satisfies the Helly property, if 
for every subfamily E '  of E such that two elements of E '  are always intersecting, 
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we have 
N#O. 
A~E'  
Then we already know the following result: 
Theorem A (Ouilliot [10, 11]). Let 13 = (X, E) and H = (Y, F) be two graphs, A a 
subset of X and f a function from X to Y. We suppose that H is a connected graph 
and that the family of the subsets {B~(x,p) l xeX ,  peN} satisties the Helly 
property. Then f may be extended into a homomorphism from G to H i[ and only i[ 
the following relation is true: 
Vx, yeA,  dH(~(x),f(y))<~d~(x, y). 
N.B.: There is no restriction in this statement on the cardinality of X or Y. As 
examples of graphs H satisfying the hypothesis of Theorem A, we may mention 
the trees, the chordal graphs, and in a general way all the graphs which may be 
considered as the retract of a product of chains (see [10-12]). 
The problem of characterizing the situations for which there exists a retraction 
from a graph G to one of its subgraphs GA is obviously a subcase of the problem 
(*). For instance, Rival's and Nowakowski's following result may clearly be 
viewed as a consequence of Theorem A since the family of the subsets 
{Bo(x, p)[ xeX,  peN} is known to satisfy the Helly property when G is a tree. 
Theorem B (Nowakowski and Rival [7]). If G = (X, E) is a graph and i[ A c X is 
such that the subgraph GA is a tree, there exists a retraction fi,om G to GA if and 
only if we have 
Vx, y e A, d~(x, y) = d~ A (x, y). 
Conversely, we may remark that the general extension of the homomorphism 
problem may be considered as a retraction problem, according to the following 
construction: 
We define, from the hypothesis in (.), a graph K = (Z, T) as follows: 
-Z=XUY;  
-x  e X and y e X are adjacent in K if they are adjaceaat in G; 
-xeX and yeY  are adjacent in K if XeA and if f(x) and y are adjacent or 
equal in H; 
-x ,  y e Y are adjacent in K if they are adjacent in H. 
We get 
lPrOlmsif~n L If f (in the problem (*)) is a homomorphism from the subgraph GA 
to the graph G, f may be extended into a homomorphism fi,om G to H if and only if 
there exists a retraction fi,om K defined above to the subgraph of K which is induced 
by AUY.  
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Proof. Simple verification. []  
N.B.: The connection between the retraction problem and the extension of the 
homomorphism problem goes back to Borsuk [1], and was also observed for 
graphs by Hell [4]. 
2. Homotopy 
A cycle of G is a finite sequence of vertices of G, Xo = x1, . . . ,  x,, = Xo such that: 
V ie  O, 1 , . . . ,  n -  1, [~, ~+1] e E. 
The number n is the length of the cycle; A null-cycle is a cycle with length equal 
toO. 
If a vertex aeX is given in G=(X,  E), we call C(G) the set of the cycles of G 
and Ca(G) the set of the cycles of G such that Xo = a. 
There is an obvious operation on Ca(G): 
T = {a = x0,. • •, x~ = a}, T' = {a = Y0, Yx, - •. ,  Ym = a}, 
T~ T' = vertex-sum of T and T' = {Xo, • . . ,  x~, Y0, • . . ,  Y~}. 
/ 
Let us call C~(G) the free Z-module generated by the set of the edges of G and 
quotiented modulo the relation: 
Via, b]eE, [a, b]=-[b, a]. 
The sum + in C~(G) is called edge-sum. 
If we call C0(G) the free Z-module generated by the vertex set of G, we may 
define an operator a from CI(G) to Co(G) by setting 
a([a, b]) = b - a. 
If a eX;  there is a function ¢0 from Ca(G) to the kernel Za(G) of the operator i9, 
such that: 
If T = {a = Xo,. • . ,  x~ = a} then 
r t - -1  
q~(T)= ~ [x~,x~+l], VT, T'~Ca(G), ¢(T~T')=cp(T)+¢(T'). 
i=0  
In fact the set o[ the elementary cycles of G may be identified with a generator 
subset of the free module Zx(G). 
N.B.: It is not possible to identify C(G) and Zx(G). For instance, the two 
following cycles {a, b, c, a, d, e, a, f, g, a} and {a, b, c, a, f, g, a, d, e, a} are not iden- 
tical as cycles and have the same image in Zx(G): 
f 
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We say now that two cycles T and T' are simply n-homotopic in G if the 
difference q~(T)-q~(T') is an elementary cycle with length ~<n, and that they axe 
n-homotopic in G if there exists a sequence of cycles: T = To, T1, . . . ,  Tv = T' 
such that: Vi ~ 0, 1 , . . . ,  p -  1, T~ and T~+I are simply n-homotopic (n >~ 3). 
EYnmple. T = a, b, c, d, a and T'= a, b, f, d, a are simply 4-homotopic: 
a 
If T and T' are two cycles in Ca(G) (a ~X), we set: TRaT' if and only if T and 
T' are n-homotopic in G and if all the cycles T1, . . . ,  Tp-1 of the homotopy 
sequence may be chosen in Ca(G). 
Ra is an equivalence relation and the vertex sum induces a group structure Ha 
on the set Ca(G) quotiented by the relation R~. If a and a 'eX  belong to the 
same connected component of G, two such groups Ha and Ha, are isomorphic. 
All these concepts are of course borrowed to the language of the algebraic 
topology, and we can state without any more detail: 
Proposition 2. A cycle T of G is n-homotopic in G to the null-cycle (or n-null- 
homotopic) if and only if its image ¢(T) in ZI(G) is a sum of elementary cycles 
with length no larger than n (n >I 3). 
The interest of giving all these details about the edge-sum and the homotopy is 
to give in an accurate way a geometrical interpretation to a very algebraic 
concept. On an other side, one can also verify that it is possible to define the 
notion of homotopy using homomorphism technique as in topology. 
3. Main result 
Theorem L Let F be an elementary cycle, without any chord, of a finite planar 
graph G = (X, E). Then there exists a retraction from G to the subgraph of G 
induced by F if and only if F is not the edge-sum of elementary cycles shorter than 
F. This criterion is not sufficient if G is not planar. 
N.B.: From now on, we shall identify F and the subgraph of G induced by F. 
That means that we shall talk about the possibility of finding a retraction from G 
to/ ' .  
Let us first prove that the above equivalence does not hold if G is not planar. 
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Let us consider a graph 13 = (X, E) as below: 
X 
a 
F=(a,b,c,d). 
There are only 8 triangles in 13, and everyone of these triangles contains an edge 
which is not contained in any other triangle of G and which is not in F. Thus 
F=(a ,b ,  c, d,a)  is not 3-homotopic to the null-cycle in (9. Nevertheless, the 
existence of a retraction R from 13 to F would imply: 
R(a)  = a, R ( t3 )  = b, = c, R (O)  = d, 
and it would be then impossible to define R(x).  
l [~f  ot Theorem 1.. Necessity: If an elementary cycle £ is a retract of any graph 
13, then/"  cannot be the edge-sum of elementary cycles shorter than/ ' .  Indeed, if 
/" = W1 +- • • + Wk, with each elementary cycle W~ of length less than the length of 
F, then R (/3 = £ = R (W1) +- "- + R (Wk) for any retraction R from 13 to / ' .  But 
each R(W~) is a sum of elementary cycles of length less than the length o f / ' ,  in 
the graph/ ' ,  which is impossible. 
SuJTw.iency: The result is trivial if the length o f / "  is at most equal to 3. We 
pro~ by induction on the length n + I of lr" and we start proving the following 
lemma: 
Lenmma 1. The result is true i[ n = 3. 
lProot. We introduce some notations which will be useful in the remainder of the 
problem. If the planar graph t3 = (X, E) is represented in the plane R 2 and if T is 
an elementary cycle of 13 we set: 
T I = {x e X which are inside the closed continuous curve defined by 
T on R2}, 
T ~ = {x e X which are outside the closed continuous curve defined 
by T on R2}, 
TIUT,  E=TBUT. 
If G = (X, E) is a graph and if u, v are two vertices of (9, we call contraction of uv 
in G the graph G~, obtained by identifying u and v into an unique vertex uv 
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adjacent in G~ to every x e X - (u ,  v) which is adjacent in G to at least one of the 
two vertices u or v. 
To prove now the sufficiency of our criterion when n = 3, we proceed by 
contradiction. We consider a planar graph G = (X, E), an elementary cycle of 
length four without any chord F which is not an edge-sum of triangles, and we 
suppose that there is no retraction from G to F. Furthermore, we assume that Ixl 
is min imum for which such a G exists. Then we may suppose that in our 
embedding of G in R2: 
(a) /" defines a face. 
Proof. If both F x and F E are non-empty, then by the minimality of iX[ the 
vertices of /~x can be retracted to F and similarly, the vertices of ~ can be 
retracted to F. Thus a retraction of G to F becomes possible and we get a 
contradiction. 
(b) Every triangle defines a face. 
Proof. If w is a triangle of G, one of the two subsets W I f ' ) / ' I  and w TM f'l F must be 
empty (for instance w~fq F). But in that ease, the problem of knowing if F is an 
edge-sum of triangles is not changed after deletion of the vertices of w x and 
neither is the problem of the existence of a retraction from G to F. We conclude 
using the minimal ity of IX I. 
(c) The exterior face of G is bounded by an elementary cycle of length at least 
4, other than F. 
Proof. We may assume (because of (a)) that F x= 0. Since F is not an edge-sum 
of triangles, there must be a face for our embedding of G in R 2 which is not 
defined by a triangle and we may manage to present his face as the exterior face. 
Reasoning as in (a) and (b) it is also easy to verify that every face for the 
embedding of G in R 2 must have its boundary defined by an elementary cycle. 
(d) If some four-cycle T~: F is such that F c ~x, then T defines the exterior face 
and has no chord. 
Proof. T cannot be a sum of triangles (because of (a), (b), (c)). In particular T is 
without any chord. Because of the minimality of Ixl, there will be, if T E # 0, a 
retraction r' from G to the subgraph of G indueext by ~I and a retraction r" from 
this subgraph to F. Then r"o r' is a retraction from G to F and we are finished. 
Let us consider now xeX~ adjacent o F=(a ,  b, c, d); x~X-F .  We have four 
possibilities: 
X 
x a 
~/ c d -  -c 
(1) (2) 
(4) (3) 
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(4) is forbidden (F would be an edge-sum of triangles). 
(3) combined with (a), (b), (c), (d) gives that X = (a, b, c, d, x) and the result. 
Let us suppose that we cannot find case (2), which means that no vertex in G is 
adjacent o both a and b. Then we get a retraction from G to F as follows: 
y ~ FE; y not adjacent o b => R(y)= d, 
y adjacent o b ::> R(y )= c 
and a contradiction. That means that we must assume that case (2) exists. 
x 
d ~ "c 
Let us try to construct our retraction R with R(x )= a. If G~ is the graph 
obtained by contraction of a and x, we see that the existence of R is equivalent to 
the existence of a retraction R'  from G~ to F '=  (xa, b, c, d). The minimality 
hypothesis for IXI may be applied unless we find in G~ a triangle which contains 
F' in its interior, which means if we can find in G a situation as follows: 
x 
Because of (d), (a, x, a,/3)E= ~. 
Then we may try to write R(x)=b; the only difficulty will come from a 
situation as follows: 
X 
(2) a~ fl' 
t~ 
Because of (d): (x, b,/3', a') s= ¢. 
Combining (1) and (2), we get: a '=  a; /3 = b; /3 '=a;  
x 
The triangle (a, b, a) gives us a clear contradiction with (b) and (c). 
The proof of Lemma 1 is then completely achieved. [] 
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We return to the main proof, and to prove the sufficiency of our criterion we 
proceed again by contradiction. We consider a planar graph G =(X, E), an 
elementary cycle F of length n + 1 (n >~4), which is not an edge-sum of elemen- 
tary cycles of length <~n, and we suppose that there is no retraction from G to F. 
Furthermore, we assume that [XI is minimum for which such (3 exists, and that 
the sufl$ciency of our criterion has already been proved for every index m smaller 
than n. 
Then we may also assume that in our embedding of G in •2: 
(a) F I= 0 and every face for our embedding has its boundary defined by an 
elementary cycle. (Same proof as in Lemma 1.) 
(b) If T is an elementary cycle of length p<~n, such that Fq  ~rI and that 
T~ ~: 0, then every face contained inside T is defined by an elementary cycle with 
length less than p. 
Proof. If we are able to find a retraction from G to the subgraph of G induced 
by R E, we get the result because of the minimality hypothesis on IXI. If it is not 
possible, that means, because of the induction hypothesis on n, that T is an 
edge-sum of cycles of length at most p -1 ,  all located in Gti. We proceed by 
induction on the length p of T (the result is obvious if p = 3). Let us write: 
T= wl+" • "+wk with length wi ~<p- 1, #~cT I for i e 1 , . . . ,  k. Now we can say 
that every face inside T is also contained inside some cycle w, and therefore is 
defined (induction on p) by an elementary cycle with length at most equal to p -  1. 
(b') If T is an elementary cycle of length p ~< n, such that F c ~i and that 
T E # 0, then every face outside T is defined by an elementary cycle of length less 
than p. (Same proof as above.) 
(c) The exterior face of G is bounded by an elementary cycle of length at least 
n + 1, other than F. 
Proof. It is obvious, since F is the edge-sum of the elementary cycles which 
define the faces for the embedding of G in R 2 (because of (a)), and since/~ is not 
the sum of cycles of length ~n. 
(d) If some cycle T of length n + 1, different from F is such that F c T~, then T 
defines the exterior face and has no chord. 
Proof. (b), (b'), (c) give clearly that T is without any chord. If T were 
n-homotopic to the null cycle, there would exist an elementary cycle T' of length 
<~n, such that [" ~ ~,x (easy to verify), and we would get a contradiction with (b') 
and (c). Thus, T is not n-homotopic to the null cycle and we conclude as in (d) of 
Lemma 1. 
Now, let us consider an edge [u, v] on F, which is not on the cycle defining the 
exterior face ([u, v] exists). In fact, we may choose our edge [u, v] and xo~X in 
order to get a situation as below: 
r Face 
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Let us try to write R(xo)= u, and to extend R into a retraction from G to F. 
The case when Xo is adjacent to at least 2 non-consecutive rtices of F, makes 
clearly the problem trivial (we get that F is n-homotopic to the null-cycle in G or 
that X = F tO {x0} and that R exists). 
So we suppose that x0 is adjacent to at most 2 vertices of F, which are 
consecutive. 
Then the problem becomes how to find a retraction from the graph G~ o 
obtained from G after contraction of Xo and u, on the cycle F ° determined by F in 
G~ o. Because of the minimality of [X[, we get the result, unless there exists an 
elementary cycle of length no more than n in G~ o which contains F ° in its 
interior. 
This induces in G a situation as below: 
(:) 
F' is a cycle with length n + 1, and because of (d) we have: 
F 'E= ¢. 
Let us try to write R (x0) = v (which is in fact the only other vertex of F which 
may be adjacent to x0). Proceeding the same way and using the graph G~o, we see 
that the only difficulty may arise from the existence of a path in G between x0 and 
v, with length at most n, according to the following diagram: 
(2) 
,' 
F" is our path with length ~<n between a and x0, around F. 
If we combine (1) and (2) we get: 
I "  
F" must contain u, and therefore, must induce a cycle with length ~n,  around P. 
This clearly gives a contradiction with (a), (b), (b'), (c). Our proof is therefore 
complete. [] 
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4. An applicn]on to a problem o|  connectivity 
Let G=(X,  E)  be a finite connected graph; if x, y e X, x% y, we say that 
m c X- (x ,  y) is a cut between x and y in (3, if it is not possible to connect x and 
y in the subgraph Gx-m. m is then a minimal cut if m is minimal with respect o 
the inclusion with this property. 
A theorem of Duchet, l_as Vergnas and Meyniel [6] states that: 
"I'aeorem. I f  every cycle in a graph G = (X, E) is homotopic to the null cycle, then 
for every x, y ~X (x~ y), every minimal cut in G between x and y induces a 
subgraph Gm which is connected. 
The converse of this implication is true if G is planar. 
Let us see how our Theorem 1 gives the last part of this statement (which in 
fact is the only ditiicult part of the above theorem). Let us suppose that there 
exists in G a cycle with length n + 1 which is not homotopic to the null cycle. 
Clearly that implies that there also exists a cycle F and an integer p with length 
F =p + 1, F is not p-homotopic to the null cycle, n ~> p I> 3. 
Therefore, there exists a retraction R from G to F. Let us consider 3 
consecutive vertices a, b, c on F and let us call d = F - (a ,  b, c). 
Let us write 
A = R- l (a) ,  B = R- l (b) ,  C= R-~(c), D = R-X(d). 
B U D is a cut between a and c in G. Let m be a minimal cut between a and c 
with m c B U D. Clearly b ~ m and m f3 d-7/= 0. Therefore m fq D ~ 0 and m f3 
° 
B ~- O and Gm is not a connected subgraph of G. We get the result. 
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